Abstract. In this paper, a left module over an associative ring with identity is defined to be openly semiprimitive (strongly semiprimitive, respectively) by the zero intersection of all maximal open fully invariant submodules (all maximal open submodules which are fully invariant, respectively) of it. For any projective module, the openly semiprimitivity of the projective module is an equivalent condition of the semiprimitivity of endomorphism ring of the projective module and the strongly semiprimitivity of the projective module is an equivalent condition of the endomorphism ring of the projective module being a subdirect product of a set of subdivisions of division rings.
Introduction
Assume that ring R is any associative ring with identity. The ring of all R-endomorphisms on a left R-module R M, denoted by End R (M ), will be written on the right side of M as right operators on R M, that is, R M End R (M ) will be considered in this paper.
A submodule L of a left R−module R M is said to be fully invariant if Lf ≤ L for each f ∈ End R (M ) 
A left R−module R M is said to be openly simple in case there are only trivial images of any endomorphism, that is, for every f ∈ End R (M ) the image Imf is either M or 0.
Theorem 0.2 [10] . (Generalized Schur's Lemma I) Every openly simple projective module has a division endomorphism ring.
Lemma 0.3 [6] . If a left R−module R M has a division endomorphism ring, then R M is cyclic.
Proposition 0.4 [8] . A left R-module M is a subdirect product of a class U of left R-modules if and only if the P -reject of M in U is zero.
A ring R is said to be a subdirect sum of the rings {R γ } γ∈I if there is a monomorphism
where π γ : I R γ → R γ is the canonical projection, for each γ ∈ I.
Definition 0.5 [9] . For a non-unit endomorphism p on any left
Lemma 0.6 [9] . For any (quasi-)projective module R M , we have the following:
(1) For any f, g ∈ End R (M ) with Imf ≤ Img, then there is some
It is well-known that for any projective R−module R M , the Jacobson radical Rad(R) of R has the property ( [1] , [3] , [5] ):
Lemma 0.7 [3] . For any projective left R−module R M , the Jacobson radical Rad(End R (M )) of the endomorphism ring End R (M ) is, in fact,
More precisely let's rewrite the above result:
Theorem 0.8 [5] . Given a ring S, each of the following subsets of S is equal to the Jacobson radical Rad(S) of S. In a special case of a projective module R M in which no maximal open fully invariant submodule exists, R M can have the semiprimitive endomorphism ring End R (M ) of R M , even though each projective module has at least one maximal submodule of it. This case will be studied in this section.
It is well-known that any R−projective module is a direct summand of a free R−module. Proof. Since there exists a non-empty set X such that
if J is any proper (left) ideal of End R (F ) with ImJ = F , then for a mapping χ x x : X → F , where any characteristic function χ x defined by (y)χ x = 1 R , the identity of ring R if y = x and (y)χ x = 0 if y = x, there exists an endomorphism
On the other hand, considering the following diagram:
we have that h x = t x f α ∈ J for some endomorphism t x : R F → R F since every free R−module is R−projective. Considering the direct sum ⊕ x χ x x : X → F (in fact, this sum is a set function) and the function χ x x shown in the following diagram:
where ι : X → R F is the inclusion mapping, there exists a unique
has its image R F . Then it follows that End R (F ) = J from the fact of 1 F = ⊕ x∈X h x : R F → R F by the uniqueness of ⊕h x . Therefore this contradicts to the proper (left) ideal J of End R (F ). Proof. Since a projective module R M has a free module R F such that
, for a non-empty set X. ( 
Since J is a maximal ideal of End R (M ) we have that 
and hence we have the following: 
Then there are no non-trivial maximal ideals of End R (M ) by the Lemma 1.3. It is true that the ideal
is a unique maximal ideal of End R (M ) by the Theorem 0.7.
There are lots of semiprimitive projective modules having local endomorphism rings with a unique trivial maximal ideal, such as, the projective modules Z Z p ⊕ Z p and any direct sum Z Z (n) p of n−copies of Z p (for a prime number p) have local endomorphism rings since they are semiprimitive projective modules in which there are no non-trivial maximal open fully invariant submodules.
The local endomorphism rings of projective modules are not the main concerns in this paper. We concern mainly about projective modules with maximal open fully invariant submodules of projective modules and projective modules with maximal open submodules which are fully invariant. And these will be studied in the next sections. Proof. By the hypothesis we have that Rad(R)M = Rad(M ) = 0 and by the Lemma 0.7 we have that
Openly semiprimitive projective module
Therefore every projective left module over a semiprimitive ring R and its endomorphism ring End R (M ) are semi-primitive too.
However the converse of the Corollary 2.4 is not true in general. For example, over the non-semiprimitive ring Z 4 we can find a semiprimitive projective module Z 4 Z 2 ⊕ Z 2 . Nonetheless there is a clue for any semiprimitive free module over a ring to induce the semiprimitive ground ring and its semiprimitive endomorphism ring.
Let Ann l (R) = {r ∈ R | rR = 0} denote the left annihilator of a ring R. (2) =⇒ (3): It follows immediately from the fact that each free R−module is projective R−module and Lemma 0.7.
(3) =⇒ (1): Since for any ring R with identity 1 R , every endormorphism ρ : R R → R R is uniquely determined by the assignment 1 R → (1 R )ρ and the endomorphism ring End R (R) is isomorphic to R. Therefore R is a semiprimitive ring.
Directly it follows that a left Z−free module Z 
Strongly semiprimitive projective module
For a further development of all projective modules whose endomorphism rings are semiprimitive, we have to develop some properties relative to any projective module R M with the zero intersection ∩P α = 0 of all maximal open submodules P α (α ∈ Λ) which are fully invariant.
For conveniences, we need a definition of any module of this type as follows: 
M/P = (P + Q)/P Q/(P ∩ Q) and M/Q P/(P ∩ Q)
with the following commutative diagram:
where π P : M → M/P and π Q : M → M/Q are the canonical projections.
As a result of the above observation a remark is obtained: 
Then M/P α is a quasi-injective and projective module, for any openly simple quotient module M/P α with any maximal open submodule P α which is fully invariant and for every α ∈ Λ. At last we have the following properties: 
where h α : M/P α → M/P α is either a unit or the zero and → is the inclusion mapping, then we have the following: for any given endomorphism g : R M → R M , precisely speaking, for any endomorphism
there is an endomorphism h α : M/P α → M/P α which is a unit or the zero mapping 0, for every α ∈ Λ since End R (M/P α ) is a division ring. Thus f is the restriction of
is a subdivision of the division ring End(M/P α )
On the other hand,
is an epimorphism which implies that the endomorphism ring End(φ(M )) is a subdirect sum of a set of subdivisions
is a maximal ideal of the endomorphism ring End R (φ(M )) and their intersection
is clearly the zero. Therefore End R (M ) is a subdirect product of a set of subdivision rings D α (α ∈ Λ) and End R (M ) is semiprimitive since
The proof of the converse is easy by the elementary computation, which will not be written here. 
is also an openly semiprimitive projective module.
a product of some prime endomorphisms.
Proof. (1) and (2): For each openly simple projective module M α , we have a division endomorphism ring End R (M α ) and the zero maximal open fully invariant submodule of M α (α ∈ Γ). Considering the direct product Γ M α of which
is a maximal open fully invariant submodule with the zero intersection
Hence it follows immediately that Γ M α is an openly semiprimitive projective R−module. By the fact of
we have easily that End R ( Here is a practical way to find prime endomorphisms on any strongly semiprimitive projective module. 
where
non-zero, if β = α is a prime endomorphism, and where
we have the following:
Proof. The proof is elementary by Proposition 3.5. 
(with noting that
and because of
which is factored into a product φA
of prime endomorphisms, for a monomorphism
such that φπ α is an epimorphism (α ∈ Λ = {1, 2, 3}).
It may sound strange to factor out any endomorphism on the integer ring Z, but any endomorphism ρ(a) : Z Z → Z Z which is a left multiplication by a can be factored out, in many ways such as
where a = p
n is factored into a product of prime numbers p i and some non-negative integer k i (i = 1, 2, . . . , n). Here is, considering a given monomorphism φ :
is factored into a product of prime endomorphisms φXφ
, where X and Y are diagonal matrices such that
One can easily observe that any endomorphism on prime p Z/pZ of ρ(p) all diagonals and the zeros elsewhere is a prime endomorphism but any endomorphism on prime p Z/pZ of ρ(p h q k ) all diagonals and the zeros elsewhere is not a prime endomorphism for prime numbers p, q and for
However not all endomorphism rings of strongly semiprimitive projective modules are commutative, we remark about factorization with the crucial condition "φp α φ −1 ∈ End R (M )" to be required as follows:
Remark 3.8. Prime factorization of an endomorphism on a strongly semiprimitive projective module is not unique, in general. 
